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1. Introduction
The analytical explanation of quark and gluon confinement has been a big challenge in re-
cent decades. At low temperatures (or in the infrared regime, IR), where confinement happens,
the coupling constant g2 is large, hence the perturbative formalism can not be used in this regime.
This research main focus has been on the gluon propagator and also ghost propagator in the IR.
The gluon propagator is suppressed to a nonvanishing value at zero momentum violating reflection
positivity and the ghost propagator is not enhanced at large volume according to the lattice data [1].
A possible analytical explanation for this behavior is obtained through adding dimension 2 conden-
sates to the Gribov-Zwanziger (GZ) formalism, yielding to so-called Refined Gribov-Zwanziger
(RGZ) framework [2, 3] that fits the lattice data quite well [1].
In this present study, the analysis of a non-trivial minimum of the effective action, which
leads us to a dynamical transformation of the GZ action into the RGZ action, has been done in the
presence of the
〈
AhAh
〉
and 〈ϕ¯ϕ〉 condensates at one-loop following earlier steps of [4], suitably
generalized to respect BRST invariance following recent developments by some of us in the field.
In this proceeding, we highlight a few steps, a comprehensive paper will be presented else-
where.
2. The Gribov-Zwanziger action in the linear covariant gauge
In the IR region, the Gribov copies appear. Since the coupling constant g2 is large, these copies
can not be eliminated [5]. A way to work around this problem is to restrict the functional integral
to a specific region Ω in field space, a solution proposed by Gribov using the Landau gauge [5].
Moreover, this solution given by Gribov can be generalized to linear covariant gauge [6]:
Ω= {Aaµ; ∂µA
a
µ = iαb
a, Mab(Ah) = −∂µD
ab
µ (A
h)> 0}. (2.1)
whereby the Hermitian Faddeev-Popov-related operator,Mab(Ah) = −δab∂2+gfabc(Ah)cµ∂µ,
is positive. In (2.1),Ahµ is a non-local power series in the gauge field, gotten from the minimization
of the functional fA[u] along the gauge orbit of Aµ [7, 8, 9],
fA[u] ≡ min
{u}
Tr
∫
ddxAuµA
u
µ,
Auµ = u
†Aµu+
i
g
u†∂µu. (2.2)
A local minimum is found and given by
Ahµ =
(
δµν−
∂µ∂ν
∂2
)
φν , ∂µA
h
µ = 0 ,
φν = Aν− ig
[
1
∂2
∂A,Aν
]
+
ig
2
[
1
∂2
∂A,∂ν
1
∂2
∂A
]
+O(A3). (2.3)
1
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Here we highlight that Ahµ is gauge invariant order by order [6]. The field A
h
µ can be localized by
introducing an auxiliary Stueckelberg field ξa [6, 10],
Ahµ = (A
h)aµT
a = h†AaµT
ah+
i
g
h†∂µh, (2.4)
while
h= eigξ
aTa , (2.5)
Now, the local gauge invariance of Ahµ under a gauge transformation u ∈ SU(N) can be obtained
from
h→ u†h, h†→ h†u, Aµ→ u†Aµu+ i
g
u†∂µu. (2.6)
Now, considering the BRST invariance, the Gribov-Zwanziger action in the linear covariant gauges,
the total action is given by
S= SYM+SGF+SGZ+Sε, (2.7)
whereby SYM is the Yang-Mills action,
SYM =
1
4
∫
d4xFaµνF
a
µν, (2.8)
SGF is the Faddeev-Popov gauge-fixing in linear covariant gauges,
SGF =
∫
d4x
(α
2
baba+ iba∂µA
a
µ+ c¯
a∂µD
ab
µ (A)c
b
)
, (2.9)
α being the gauge parameter and α = 0 in Landau gauge; SGZ is the Gribov-Zwanziger action in
its local form,
SGZ =
∫
d4x
[
ϕ¯acµ ∂νD
ab
ν (A
h)ϕbcµ − ω¯
ac
µ ∂ν(D
ab
ν (A
h)ωbcµ )
]
−γ2g
∫
d4x
[
fabc(Ah)aµϕ
bc
µ + f
abc(Ah)aµϕ¯
bc
µ +
d
g
(N2c−1)γ
2
]
, (2.10)
with (ϕ¯acµ , ϕ
ac
µ ) a pair of complex-conjugate bosonic fields, (ω¯
ac
µ , ω
ac
µ ) a pair of anti-commuting
complex-conjugate fields; and γ the Gribov parameter which is dynamically fixed by a gap equation
that gives us the horizon function [11, 12],
〈fabc(Ah)aµ(ϕbcµ + ϕ¯bcµ )〉= 2d(N2−1)
γ2
g2
, (2.11)
which can also be rewritten as [4]
∂Γ
∂γ2
= 0, (2.12)
whereby Γ is the quantum action defined by
e−Γ =
∫
[dΦ]e−S. (2.13)
The last term from (2.7),
Sε =
∫
d4x εa∂µ(A
h)aµ (2.14)
2
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ensures, through the Lagrange multiplier ε, the transversality of the composite operator (Ah)aµ,
∂µ(A
h)aµ = 0.
The action S, (2.7), enjoys an exact BRST invariance, sS= 0 and s2 = 0 [6]
sAaµ =−D
ab
µ c
b , sca =
g
2
fabccbcc ,
sc¯a = iba , sba = 0,
sϕabµ = 0, sω
ab
µ = 0,
sω¯abµ = 0, sϕ¯
ab
µ = 0,
sεa = 0, s(Ah)aµ = 0 ,
shij =−igca(Ta)ikhkj. (2.15)
3. Refined Gribov-Zwanziger Action
The BRST invariant d= 2 condensates, 〈Aah,µAah,µ〉 and 〈ϕ¯abµ ϕabµ 〉, cause non-perturbative
dynamical instabilities disturbing the Gribov-Zwanziger formalism [2, 3, 4]. 〈ϕ¯abµ ϕabµ 〉 guarantees
that the gluon propagator is non-vanishing at zero momentum, and 〈AaµAaµ〉 is crucial to fit the
lattice data [4]. The refined Gribov-Zwanziger action (RGZ) is obtained adding these condensates
to the GZ action via the local composite operator (LCO) formalism, see [4]. The operators AhAh
and ϕ¯ϕ will be added to the action via two BRST invariant bosonic sources τ and Q,
sτ= 0 and sQ= 0. (3.1)
From here, we opted for the Landau gauge ∂A = 0 for convenience, so that we can work with
Ah =A, as formally proven in [6]. Then, the action with these operators is written as
Σ= S+SA2 +Sϕϕ¯+Svac, (3.2)
whereby S is given by (2.7) and we also have
SA2 =
∫
ddx
τ
2
AaµA
a
µ,
Sϕ¯ϕ =
∫
ddxQϕ¯acµ ϕ
ac
µ ,
Svac =−
∫
ddx
(
ζ
2
τ2+αQQ+χQτ
)
. (3.3)
The parameters α, χ and ζ are the LCO parameters which guarantee that the divergences of the
kind
〈
A2(x)A2(y)
〉
x→y, etc. can be properly dealt with, see [4].
4. The Effective Action Calculus
In order to get the effective action, we have written the energy functional as
e−W(J) =
∫
[dΦ]e−Σ, (4.1)
3
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where Σ is given by (3.2).
The action Σ, (3.2), has three terms quadratic in the sources and they should be removed to
facilitate calculations and interpret our results in terms of the vacuum energy. The easiest way to
remove these terms is by introducing two auxiliary fields σ1 and σ2 via two identities written in
terms of renormalized fields
1 =
∫
[Dσ1] e
− 12
∫
ddx(σ1+ a¯2A
2+b¯Q+c¯τ)
2
,
1 =
∫
[Dσ2] e
+ 12
∫
ddx
(
σ2+d¯ϕϕ+e¯Q+
f¯
2A
2
)2
, (4.2)
multiplying the integral in (4.1). If we choose in dimensional regularization (d= 4−/2)
a¯ = −
ZA√
Zζζζ
µ/2
b¯ =
ZQQZχχχ√
Zζζζ
µ−/2,
c¯ = Zττ
√
Zζζζµ
−/2,
d¯ =
Zϕ√
Z2χχχ
2
Zζζζ
−2Zααα
µ/2, (4.3)
e¯ = ZQQ
√
Z2χχχ
2
Zζζζ
−2Zααα µ
−/2,
f¯ =
ZA√
Zζζζ
 ZτQZζζζ−ZQQZχχχ
ZQQ
√
Z2χχχ
2−2ZααZζζζα
µ/2,
we can remove the quadratic terms in sources. In theMS scheme and at one loop, the Z factors are
given by [4]
ZA = 1+
13
3
Ng2
16pi2
, Z˜ζ = ZζζZ
2
ττ = 1−
13
3
Ng2
16pi2
, Zζζ = 1+
22
3
Ng2
16pi2
,
Zg = 1−
11
3
Ng2
16pi2
, Zτ = 1−
35
6
Ng2
16pi2
, ZQQ = ZgZ
1/2
A = 1−
3
2
Ng2
16pi2
,
Zχχ = 1, ZτQ = 0, Z˜α = ZααZ
2
QQ = 1+
35
6
Ng2
16pi2
,
Zαα = 1+
53
6
Ng2
16pi2
, Zϕ = Zϕ¯ = Z
−1
g Z
−1/2
A = 1+
3
2
Ng2
16pi2
. (4.4)
Therefore, (4.1) becomes
e−W(Q,τ) =
∫
[DΦ][Dσ1,3]exp
[
−SGZ−
1
2
∫
ddx
(
2c¯σ1τ+2σ3Q
(
1−
b¯2
e¯2
)
σ21
−
1
e¯2
(σ23−2b¯σ1σ3)+
((
a¯−
f¯b¯
e¯
)
〈σ1〉+ f¯
e¯
〈σ3〉
)
A2
−2
d¯
e¯
(b¯〈σ1〉− 〈σ3〉)ϕϕ
)]
, (4.5)
4
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where
σ3 = σ1b¯−σ2e¯. (4.6)
So far, all LCO parameters, sources and fields have been renormalized, except the auxiliary fields
σ’s. Analyzing the term c¯σ1τ= Zτ
√
Zζζµ
−/2σ1τ that appears in Eq.(4.5), it is easy to see that
this field is indeed infinite, thus it also must be renormalized. As the Z-factors are infinite, if σ1
would be finite, then the quantity multiplying τ would be infinite. This would not make sense as
a physical (and thus finite) local operator O. The original σ1 field should then be infinite in order
to get a finite quantity multiplying the finite source τ. It is then natural to define a renormalized
finite field σ ′1 by σ
′
1 ≡ Zττ
√
Zζζσ1 ≡
√
Z˜ζσ1. Regarding σ3, the term σ3Q in Eq.(4.5) teaches
us, knowing thatQ is finite, that σ3 is already finite and thus should not be renormalized. In terms
of the finite fields σ ′1 and σ3, the energy functional now reads :
e−W(Q,τ)S=
∫
[DΦ][Dσ1,3] exp
−SGZ− 1
2
∫
ddx
−2√ζσ ′1τ+2σ3Q(1− b¯2e¯2
)
σ ′1
2
Z˜ζ
−
1
e¯2
σ23−2b¯ σ ′1√
Z˜ζ
σ3
(
a¯−
f¯b¯
e¯
) 〈
σ ′1
〉√
Z˜ζ
+
f¯
e¯
〈σ3〉
A2
−2
d¯
e¯
b¯ 〈σ ′1〉√
Z˜ζ
− 〈σ3〉
ϕϕ
 . (4.7)
In this expression, all LCO parameters, sources and fields are now finite, and infinities are only
present in the renormalization factors Z’s, explicitly written or present in the coefficients a¯, ..., f¯.
At one loop, χ= 0, ZτQ = 0 [4] which implies that b¯= f¯= 0, then σ3 =−e¯σ2. Now, by analysis
of the term σ3Q = −e¯σ2Q in (4.7), a similar reasoning as above for σ1 shows that σ2 is infinite
and should be renormalized defining a new finite field σ ′2 through σ
′
2≡ZQQ
√
Zαασ2≡
√
Z˜ασ2.
Hence, the energy functional in terms of the finite fields σ ′1 and σ
′
2 and with one-loop coefficients
reads :
e−W(Q,τ) =
∫
[DΦ][Dσ1,2]exp
−SGZ− 1
2
∫
ddx
σ ′12
Z˜ζ
−
σ ′2
2
Z˜α
+ a¯
〈
σ ′1
〉√
Z˜ζ
A2−2d¯
〈
σ ′2
〉√
Z˜α
ϕϕ
−2
√
ζσ ′1τ+2
√
−2ασ ′2Q
)]
(4.8)
In this expression, infinities are now localized, only in the renormalization factors Z˜ζ, Z˜α, and in
those hidden in a¯ and d¯.
In order to have an expression of the form m
2
2 A
2−M2ϕ¯ϕ, we defined the effective masses,
m2 andM2, respectively linked to 〈AA〉 and 〈ϕ¯ϕ〉 by:
m2 ≡ a¯√
Z˜ζ
〈
σ ′1
〉
=
(
1+
17
6
Ng2
16pi2
)√
13Ng2
9(N2−1)
〈
σ ′1
〉
+O(g4), (4.9)
5
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M2 ≡ d¯√
Z˜α
〈
σ ′2
〉
=−
(
1−
35
6
Ng2
16pi2
)√
35Ng2
48(N2−1)2
〈
σ ′2
〉
+O(g4). (4.10)
where the last equalities follow from considering the first order term of the Z-factors inMS scheme
and α= α0
g2
=−
24(N2−1)2
35Ng2
and ζ= ζ0
g2
=
9(N2−1)
13Ng2
[4].
The ghost fields c, c¯, ω, ω¯ give us just an overall factor. Now, to integrate over the ϕ and ϕ¯
fields, we proceed as follows
ϕ¯abµ =U
ab
µ + iV
ab
µ , ϕ
ab
µ =U
ab
µ − iV
ab
µ . (4.11)
Then ∫
[DU,V] e−
∫
ddx[Vabµ Pac,bdµν Vcdν +Uabµ Pac,bdµν Ucdν −2gγ2fabcAaµUbcµ ] =
=
1
detPac,bdµν
e
∫
ddxNg2γ4AaµP
−1
µνδ
abAbν , (4.12)
with
Pac,bdµν ≡ (∂2−M2)δacδbdδµν. (4.13)
Therefore, the first contribution Γa to the effective potential is obtained by :
ΩΓa = lndetPac,bdµν = TrlnP
ac,bd
µν , (4.14)
resulting in
Γa = (N
2−1)2
[
−
1

M4
4pi2
+
M4
8pi2
ln
M2
µ2
−
M4
8pi2
]
=
35Ng2
48
〈
σ ′2
〉2
4pi2
(
−
1

−
1
2
+
1
2
ln
(
−
√
35Ng2
48(N2−1)2
〈
σ ′2
〉
µ¯2
))
+O(g4). (4.15)
The second contribution Γb to the effective potential comes from the gluon fieldAµ. The quadratic
part of the action containing Aµ is
e−
1
2
∫
ddxAaµR
ab
µνA
b
ν (4.16)
where
Rabµν ≡ δab
[(
−∂2+m2−
2Nγ4g2
∂2−M2
)
δµν−∂µ∂ν
(
1
α
−1
)]
. (4.17)
Therefore,
ΩΓb =
1
2
lndetRac,bdµν =
1
2
TrlnRac,bdµν , (4.18)
resulting in
Γb = −
(N2−1)
2(4pi)2
(
3

+
5
4
)(
m4−4γ4g2N
)
+
3(N2−1)
4(4pi)2
[
x21 ln
(
−x1
µ¯2
)
+x22 ln
(
−x2
µ¯2
)
−M4 ln
(
M2
µ¯2
)]
, (4.19)
6
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where x1 and x2 are the solutions of the equation x2+(M2+m2)x+M2m2+λ4 = 0,
x1 = −
1
2
(
m2+M2+
√
(m2−M2)2−4λ4
)
,
x2 = −
1
2
(
m2+M2−
√
(m2−M2)2+−4λ4
)
. (4.20)
The third part of effective potential Γc is from the Gribov-Zwanziger action,
Γc =−dγ
4
0(N
2−1). (4.21)
Knowing that Zγ2 = Z
−1/2
g Z
−1/4
A , we get
γ40 = Z
2
γ2γ
4, with Z2γ2 = 1+
3
2
g2N
16pi2
, (4.22)
hence
Γc = (N
2−1)γ4
(
−4+
3Ng2
32pi2
−
3Ng2
8pi2
)
+O(g4). (4.23)
And the last contribution comes from
〈
σ ′1
〉2 and 〈σ ′2〉2 :
Γd =
1
2
(
1
Z˜ζ
〈
σ ′1
〉2
−
1
Z˜α
〈
σ ′2
〉2)
=
〈
σ ′1
〉2
2
−
〈
σ ′2
〉2
2
+
13
6
Ng2
16pi2
〈
σ ′1
〉2
+
35
12
Ng2
16pi2
〈
σ ′2
〉2
+O(g4). (4.24)
The full effective potential given by Γ = Γa+Γb+Γc+Γd is finite when → 0 at first order in g2.
Therefore, it can be written as
Γ(m2,M2,λ4) =
9(N2−1)
13Ng2
m4
2
−
48(N2−1)2
35Ng2
M4
2
−
2λ4(N2−1)
Ng2
−
N2−1
16pi2
{
−2λ4+
5
8
m4+2(N2−1)M4−
(
2(N2−1)−
3
4
)
ln
(
M2
µ¯2
)
M4
}
+
3
8
N2−1
16pi2
{
m4+M4−2λ4+
(
m2+M2
)√
(m2−M2)2−4λ4
}
× ln
[
1
2µ¯2
(
m2+M2+
√
(m2−M2)2−4λ4
)]
+
3
8
N2−1
16pi2
{
m4+M4−2λ4−
(
m2+M2
)√
(m2−M2)2−4λ4
}
× ln
[
1
2µ¯2
(
m2+M2−
√
(m2−M2)2−4λ4
)]
. (4.25)
with
m2 =
√
13Ng2
9(N2−1)
〈
σ ′1
〉
, (4.26)
M2 = −
√
35Ng2
48(N2−1)2
〈
σ ′2
〉
. (4.27)
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and λ4 ≡ 2Ng2γ4. The next step is to analyze the gap equations given by
∂Γ
∂M2
= 0,
∂Γ
∂m2
= 0,
∂Γ
∂λ4
= 0. (4.28)
Unfortunately, an acceptable result was not obtained in this particular scheme. The resolution was
to not fix a scheme, we rather rewrote the effective potential in a general scheme as has been done
in e.g. [13]. Details of this procedure will be published elsewhere. The effective potential (4.25),
in general scheme, becomes
Γgen(m
2,M2,λ4,b0)=
9(N2−1)
26Ng2
m4−
24(N2−1)2
35Ng2
M4−
2(N2−1)2M4
16pi2
(
1− ln
(
M2
µ¯2
))
−2λ4
N2−1
Ng2
−2λ4
N2−1
16pi2
(b0−1)
+
3
4
N2−1
16pi2
{
5
4
(m4+M4−2λ4)−
m2+M−2λ4
2
ln
[
m2M2+λ4
µ¯4
]
+(m2+M2)
√
4λ4−(m2−M2)2 arctan
[√
4λ4−(m2−M2)2
m2+M2
]
+ ln
[
M2
µ¯2
]
M4
}
, (4.29)
b0 being a parameter related to the chosen scheme for the coupling. It was fixed, at the end, by
matching our values for the complex conjugate poles masses of the transverse gluon propagator to
those estimated from lattice data [1] when the gap equations are solved for. The effective masses
m2 andM2 and the Gribov parameter γ2 were obtained as functions of the parameter b0 and µ¯ in
units Λ= 1,N= 3 and also forN= 2. Notice that these poles masses are gauge and scheme inde-
pendent [6], so we benefitted from this to fix the parameters b0 and µ¯ by using a minimal external
lattice input to determine the “optimum scheme”. We got b0 = −3.643 and µ¯ = 1.429. With this
procedure, we obtained a reasonable value for the coupling constant, namely 0.382. Therefore, in
this case, the perturbative result is relatively trustworthy. The Gribov parameter γ2 is 0.637 and the
vacuum energy is −26.955. The Hessian determinant is positive and also the second derivatives,
∂2Γgen
∂M2
2
∣∣∣∣
solved
= 1.668
∂2Γgen
∂m2
2
∣∣∣∣
solved
= 0.216
∂2Γgen
∂M2∂m2
∣∣∣∣
solved
= 0.011. (4.30)
Then, the solution does correspond to a minimum.
The future step will be to extend this research to finite temperatures and to study if the decon-
finement transitions reflects itself in a change in the propagator behavior and to check if, with the
Polyakov loop added to the game, we observe the transition also in that order parameter.
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